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Non-linear wave modulation near the marginal state
of instability

E J Parkes
Department of Mathematics, University of Strathclyde, Glasgow G1 1XH, UK

Received 30 October 1987

Abstract. The slow-amplitude modulation of a weakly non-linear purely dispersive
quasimonochromatic wave solution to a certain system of quasilinear partial differential
equations is investigated. It is shown that, near the marginal state of modulational
instability, and provided the system satisfies certain conditions, the complex amplitude of
the wave is governed by a modified form of the non-linear Schrodinger equation that
involves higher-order non-linearities.

1. Introduction

Many purely dispersive physical systems are described by the class of quasilinear
partial differential equations

A(U)aU/at+B(UU/ox+C(U)=0 (1.1)

where t and x are time and space coordinates, respectively, U = (u;) is an n-component
column vector function of ¢ and x, and the n X n matrices A =(a;), B=(b;) and the
n-component column vector C = (¢;) are functions of the u;, all these quantities being
real. Inoue and Matsumoto (1974) have shown that under certain circumstances the
slow-amplitude modulation of a weakly non-linear quasimonochromatic (carrier) wave
solution to (1.1) is governed by the non-linear Schrédinger (Ns) equation
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In(1.2), ;=% & =e(x— Vet), o, V, and « are the complex amplitude, group velocity
and wavenumber of the carrier wave, respectively, p =3 d V,/dk and q are real functions
of k, and ¢ is a small parameter that characterises the modulation and the non-linearity.
The criterion for the modulational instability of the carrier is pg <0 (Taniuti and
Yajima 1969). For many physical systems pq has just one real zero at some critical
wavenumber «. and so the carrier is marginally modulationally unstable at « = k..
Inoue and Matsumoto (1974) implicitly assumed that p and g were O(1) quantities
and so their derivation of (1.2) is not valid when « is near .. The purpose of this
paper is to find the governing equation for ¢ that replaces (1.2) near the marginal state.
Hasimoto and Ono (1972) considered the modulation of Stokes waves (i.e. gravity
waves on water of uniform depth) away from the marginal state and obtained (1.2)
as the governing equation for ¢. Kakutani and Michihiro (1983) reconsidered this
problem and argued that near the marginal state a different ordering should be used
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2534 E J Parkes

to intensify the effect of the non-linearity. We have discussed this argument in a
previous paper (Parkes 1987a). By assuming that the effect of the non-linearity is of
O(e'?) instead of O(e), Kakutani and Michihiro derived a governing equation for ¢
near the marginal state of the form
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where gq,(=q/¢), ¢-, q; and g, are O(1) real functions of «, which is assumed to be
such that k — «.is of O(e). We shall referto (1.3) as the modified non-linear Schrédinger
(MNs) equation. This was also derived formally by Parkes (1987a) for modulations
near the marginal state for an arbitrary system in which a scalar-dependent variable
u satisfies an equation of the form £u = N, where £ is a linear operator involving the
differential operators 4/9¢ and 3/4x, and N represents all the non-linear terms. In
Parkes (1987b) we considered a particular example of (1.1), namely a 4x4 system
describing ion acoustic wave propagation in a plasma, and, using Kakutani and
Michihiro’s ordering, we obtained (1.3) again for modulations near the marginal state.

In this paper we apply the methodology developed in Parkes (1987b) to the general
system (1.1). We show that, under certain restrictions, the MNs equation is the governing
equation for ¢ near the marginal state. In § 2 we show how to apply the derivative
expansion perturbation procedure to (1.1) and describe the method for solving the
resulting hierarchy of equations. In § 3 we give the details of the solution and derive
the conditions that A, B and C have to satisfy in order that ¢ is governed by the MNs
equation. In § 4 we compare our results with those of Inoue and Matsumoto (1974)
for modulations away from the marginal state.

(1.3)

2. Method of solution

The unperturbed state of the system described by (1.1) corresponds to the constant
solution U = U™ for which C(U'®)=0. Using this it is convenient to rewrite (1.1)
in the form

LU=M (2.1)
where

L=A3/3t+B3/ox+VC, (2.2)

M=-C+(VCy)U (2.3)

and VC, is defined by (VC,); =dc;/3u; evaluated at U = U'”.
The derivative expansion procedure (Kawahara 1973) is applied to the system (2.1)
by introducing the extended set of independent variables

t0=t X=X T,'=Eit §,-=Ei(x—vgt) i=1,2,...,N

where ¢ is a small parameter characterising the slow modulation. As in Parkes
(1987a,b) it is sufficient to take N =2 here. Thus defined ¢,, x, are the variables
appropriate to the ‘fast’ oscillations of the carrier, and 7, &, 7,, & are ‘slow’ variables
appropriate to the slow modulations in a reference frame moving with the group



Marginal state of modulational instability 2535

velocity V,. (Anexplicit expression for V, is given later.) The time and space derivatives
in (2.2) may now be expressed as the derivative expansions

3 3
e (i) v
8t 50 o7 9€, kg 8¢,

L L (2.4)
ax 98 8 &
where (= kx,— ot,), w and x are, to lowest order, the phase, angular frequency and
wavenumber of the fast oscillations.

Inoue and Matsumoto (1974) considered the non-marginal state by assuming that
the non-linearity is of O(e). In order to investigate the behaviour of the slow modula-
tions near marginal instability we intensify the non-linear effects by assuming the
non-linearity to be of O(e"?), as in Kakutani and Michihiro (1983). As in Parkes
(1987b) we write U as

3

U= U(O) Z 2 U(,) 6 Tis §la T2, 52)+O(87/2) (2'5)

Substitution of (2.4), (2.5) and the Taylor series expansions for A, B and C about
U = U" (given in appendix 1) into (2.2) and (2.3) gives

5
L=7Y &L+ 0(¢’) (2.6)
i=0
6 n
= Z EI/ZM(Oa T1s §1’ T2, 52)+O(£7/2) (2.7)
where
L =(-wA+xB) 2+ 3 (A L By~ VyAiy) a)
i i i ao = 1‘2187'1- |—~2J i=2j ag}
and
k—{,%i z:even
3(i—=1) i odd.

The A,, B, and M, are given in appendix 1. Substituting (2.5)-(2.7) into (2.1) and
equating like powers of ¢, we obtain the hierarchy of equations

0 I=1

O("?): LUV = (2.8)

-t

- Y LU"® 1=2,...,6.
k=1

For I =1 we assume that the solution to (2.8) is the quasimonochromatic wave

: U(l)=¢(71’§1’723 §2)K exp(i0)+cc (2.9)

where ¢ is a complex scalar function and K is a constant column vector. Here, and
subsequently, cc is used to denote the complex conjugate of all the preceding terms.
Substituting (2.9) into (2.8) we deduce that there is a non-trivial solution for K provided
w and « satisfy

D (w, k) =det{Dy(w, k)}=0 (2.10)
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where
Dy(w, k) = —iwAy+ixkB,+V Co= (dy).

Usually it is found that rank {Dy(w, )} = n — 1. Equation (2.10) is the linear dispersion
relation which, for purely dispersive waves, is satisfied by real values of w = w(x) and
k. We shall assume that @ (jo, jx) #0 for j=2,3,..., so that the inverse of the matrix
Dy(jw, j) exists for these values of j.

If D; is the cofactor of d; then for a given rt

dUD,:,:O i=1,...,n (2.11)

since for i = r the left-hand side is just det{Dy(w, x)} which is zero by (2.10), while
for other values of i the left-hand side is an alien cofactor expansion and so is identically
zero. Similarly, for a given s

d,D;, =0 j=1,...,n (2.12)

As K satisfies d;K;=0, i=1,...,n, we may choose K; = D,;, where r is selected so
that K is not the zero vector. In appendix 2 equations (2.11) and (2.12) are used in
the derivation of an expression for the group velocity V,= dw/dk, namely (A2.3). For
a purely dispersive system this expression is real.

Explicit solutions to (2.8) for /> 1 are given in § 3. Here we summarise the method
of solution and obtain non-secular conditions. We find that, for each /> 1, (2.8) may
be written

1
LU" = Ug’>+( Y O exp(ik0)+cc> (2.13)
k=1
where the U, k=0,...,1 are independent of 6 and are determined by the solutions
UY,i=1,...,1—1, to previous equations in the hierarchy. As we require solutions

involving no secular terms we assume a solution to (2.13) of the form

!
U= Ug'>+( > Uy exp(ik0)+cc>
k=1
where the U, k=0, ..., 1, are independent of 4. This assumption imposes up to two
conditions at each order, namely (2.15) and (2.18) below, which may be regarded as
‘non-secular conditions’. The U’ are determined as follows.
The vector U satisfies LoU = U, from which we obtain

(VCHUP = TP, (2.14)

Suppose rank {VCo} = m. If m=n, VC, is non-singular and the solution to (2.14) is
simply Uy’ =(VC,) ' US". However, for m<n, VC, is singular and (2.14) has a
solution only if

rank{(V Cy, U$")} = rank{V C,} (2.15)

where (VC,, U{") is the n x (n+1) augmented matrix whose (n +1)th column consists
of the components of US’. The condition (2.15) can be stated more conveniently as
follows. We may re-order the equations in the system (2.1) and re-order the components
of U so that (VCy);=0, i=1,...,n—m; j=1,...,n, and that the m X m matrix

1 Here and elsewhere, except when indicated otherwise, the summation convention is used with the repeated
subscript running from 1 to n. The summation convention will not apply where the repeated subscript is r
or s
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(VCo)y, i=n—m+1,...,n;j=n—m+1,...,n,is non-singular. Then (2.15) implies
that

4y =0 i=1,...,n—m (2.16)
where ¢ is the ith component of UY". The solution to (2.14) may now be written
A i=1,...,n—-m
UBI) = n n—m
! Z (VCO),] ﬁ(’)-f- Z eij/\J('[) i=n—m+1,...,n
j=n—m+t j=1
where
e, =— 3  (VC)#(VCoy i=n-m+1,...,mj=1,...,n—-m
k=n—m+1
and the A", i=1,..., n—m, are arbitrary real functions of the slow variables.
The vector U{" satisfies LoU!{"” exp(i6) = U{" exp(i8), from which we obtain
Do(w, k) U = TP, (2.17)
Equation (2.17) has a solution only if
rank{( Do(w, « ), U{"} = rank{ Do(, «)}. (2.18)
This condition can be stated more conveniently as follows. Writing (2.17) as du{} = @!?,
and choosing s so that the vector with components D;, i=1,...,n, is not the zero

vector, we have D, dul)=D,i{?. Then, on using (2.12), we obtain a condition

equivalent to (2.18), namely
Drsa(lli) - 0 (2.19)

The solution to (2.17) consists of a particular solution plus a solution to the
homogeneous version of (2.17). We shall ignore the latter as it may be absorbed into
(2.9) by a suitable redefinition of ¢.

The vectors U, k=2, ... l satisfy LoUY" exp(ik6) = U exp(ik6), from which

we obtain Dy(kw, kK)U(I) U, The solution is simply U’ = [Dq(kw, kx)]™' U,

3. Derivation of the modified non-linear Schrodinger equation

Following Inoue and Matsumoto (1974) we classify the system (1.1) astype l if m=n
(or, equivalently, det{V C,} # 0) or type 2 if m < n (or, equivaletly, det{VC,} =0), where
m =rank{VC,}. The derivation of the MNs equation is more complicated for a type-2
system. In this section we present the calculation for this case and then comment
briefly on the calculation for a type-1 system.

At O(e) we have U2 = a®P|oP, U¥ =0 and UP = ¥ ¢>, where the vectors &
and B are given in appendix 3. The condition (2.16) applied to U implies that

a?=0 i=1,...,n—m. (3.1)
The solution to (2.8) is U = a@|e]?, U =0 and U =B8¥¢?, where
AP i=1,...,n—-m
@ _
a; = i 3.2
j= an+I(VC0)U‘ 52)+ Z U’\}Z) i=n_m+19"'an ( )
B? =[Dy(2w,2x)]"'B?, and the AD i=1,... n-m, are arbitrary real functions of

the slow variables which will be determined at the O(e?) level of the hierarchy.
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At O(e¥?) we have U =0, U =0, U =8%¢* and

Ui =a%op/or+BVop/061+ 7% |ofe (3.3)
where the vectors 7' and 8 are given in appendix 3, and

@’ =—(Ao);D, (3.4)

B = (V,A,— Bo)yDy. (3.5)
The condition (2.19) applied to U{® implies that

i0p/97 = qle’e (3.6)

where

q = 1D1s7:3)/(VDrs)

and we have used (A2.2) and (A2.3) from appendix 2. Note that g involves the as yet
undetermined quantities A, i=1,...,n—m. The solution to (2.8) is uy’=A'",

U(23)=0, Ug3)= 6(3)¢3 and
UP =a%ap/ar+BV0/06+ v |00 (3.7)

where 8% =[Dy(3w,3k)]7'6™, the A®’, i=1,,..., n—m, are arbitrary real functions
of the slow variables which will be determined at the O(e*?) level of the hierarchy, and

A=Y el i=n—-m+1,...,n

j=1
Using (2.11) and (3.5) we may write 8\’ = ~id, d(D,;)/dx. As B satisfies d,8 = 8¢,
a possible solution for 8%’ is
B’ =-1d(D,)/dx. (3.8)

After considering the implications of (3.6) we shall find that y* satisfies (3.15) and
that @ is not required at this order. It reappears at O(e*>?) and we find that it satisfies
(3.25).

At O(g?) we have

U = (@ pap*/or+ BV pog*/ 08 +cc) + 7ol
where * denotes the complex conjugate,
ﬁ(.“) = ( V, Ao_ BO)ij (‘2)+ﬁ

and f; and the vectors @' and $'* are given in appendix 3. Let us assume aq priori
that 3¢ /97, = 0; then the condition (2.16) applied to U}" is satisfied if

¥ =0 i=1,...,n—m (3.9
=0 i=1,...,n—m. (3.10)
On incorporating the expression (3.2) for a'?, we may rearrange (3.9) to give
AP = Z (F)j! ( 5 Y gjkozy) i=1,...,n—m (3.11)
k=n—-m+1

where
(F)ij =(- Vng+ BO)ij

n

+ Y (—V,Ao+ Byuey i=1,...,n-m;j=1,...,n—m

k=n—-m+1



Marginal state of modulational instability 2539

and

gi= % (=VaAc+Bo)u(VCyi/ i=1,...,n—m;j=n—-m+1,.8 ,n
k=n—m+1

It is easily shown that

BW—BW*=f—fF=1dé?/dx (3.12)

and so, in view of (3.1), it follows that f; is real for i=1,..., n—m, and hence that
the right-hand side of (3.11) is real, as required.

Let us now return to the O(e*?) problem. In (3.6) q is now completely determined.
It is precisely the g that appears in the Ns equation (1.2) derived on the assumption
that k is not near «. and that g is of O(1)—see equation (2.35) of Inoue and Matsumoto
(1974). Here, however, we are considering the marginal state and we assume that
Ak =k — k. is of O(¢) and write q = £q,, where g, is of O(1) and is given approximately

by

Ax(d

q1=__’5<_ﬂ> , (3.13)
e \dx/ .=,

Hence at O(¢*'?) equation (3.6) becomes
d¢/ar, =0 (3.14)

thus justifying our a priori assumption. The right-hand side of (3.6) must be shifted
to the corresponding non- secular condition at O(e*?). This is readily achieved by
including a term iq,a )) and revising (3.3) to

0P =8%0/0,+(5 (3)—1qa(3))|¢|2
Then (3.7) is revised to
U =Bop/ot+ 7ol

where ¥ is a particular solution to
dgyy =9 —igqal. (3.15)

Continuing now with the O(ez) problem, and hereafter incorporating (3.11) and
(3.14) into our results, we have UY =0,

4P =ruDAY e
U5 =89900/06+ el e?
where r;, and the vector £ are given in appendix 3, and
5 =2(V,A,— By);8% —idB¥/dx. (3.16)

As U plays no part.in the subsequent calculations, it is not given here. The condition
(2.19) applied to U, together with (A2.2), implies that

raDA Y =0. (3.17)
The solution to (2.8) is

U = (89036 +cO+ 9 el U=

Us" =8"pap/ot,+ ¢ p[*¢? Us =0
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where
p.f‘“ i=1,...,n—m
(@ 4 n 3.18
A Y (VG “”+Z eui”  i=n-m+1l,...,n (3.18)
j=n—-m+1
ne
A i=1,...,n—m
V=1 3 +(4) ’ (3.19)
Y (VG +Z eAs? i=n—-m+1,...,n
J=n—m+t
8 =[Do(2w, 2k)]716"W, £ = [Dy(2w, 2k)] 7' and ¢ is a particular solution to
dyl\Y = rpDyA Y. (3.20)
The u!®, i=1,..., n—m, are arbitrary complex functions of the slow variables, and
the A, i=1,. — m, are arbitrary real functions of the slow variables. They will

be determined at the 0(53) level of the hierarchy. By comparmg (3.16) w1ttl the
derivative with respect to « of the relation Dy(2w, 2x)B8® =B, we find that §* =
—iDy(2w, 2k) dBP/dk and hence that

8W=-idp?/dx.
Also, from (3.12), it follows that (VCo)(BY —B* —ida'?/dk) =0 and hence that
B - BW* —idaP/dk =io;

where, on using (3.2) and (3.18),

/.LE-“)-—,u,f-“)*—id)\(i”/dK i=1,...,n—-m
ig;={."\"
)i Y e i=n-m+1,...,n
j=1

and the g, i=1,..., n—m, are real functions of the slow variables.
At O(e¥?) we have

6 =[—(A0)y(8/371)+(VeAo= Bo)3(3/0£) 1AV

+{s[ D5V + Dyt %+ aPAP T+ 5Dy DAY + ccH o
0P = a%9¢/am+B%00/06,+ 7750 /061 + 8 00| 0[")/ 8¢,

+ Ve lag/a6+ % el'e +igia Ve l'e (3.21)
where s, S;, and the vectors 8, §® and {'® are given in appendix 3, and

59 =i(= V. Ao+ Bo)y d(D,)/dx. (3.22)

If we take the AP =0, i=1,. -m, then (=0 is a solution to (3.20), and both
(3.17) and the condition (2.16) apphed to US are satisfied. Now it follows that U =0
and US> =0, although the latter result is not used subsequently. The condition (2.19)
applied to U{® gives the MNs equation (1.3) with g, given by (3.13) and

p=[(=V,Ac+ By);D;, d(D,)/dx]/(vD,,)
q2= iDisZ'g”/(VDrs) q;= DingS)/(VDrs) qa= Dlv 5)/(VDr:)

In appendix 2 we show that p may be identified as $d V,/d«. For a purely dispersive
system p is real.

(3.23)
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Although we have obtained the desired MNs equation, g,, ¢, and g, are not yet
completely determined since 5 and £ involve the u® and u'**, i=1,...,n—m,
and 7 involves the AY, i=1,...,n—m. In order to determine the /\‘,4’, /.Lf‘“ and
Y% we need to go to the next order, and there we find that the only information we

need about the solution at O(e*?) is U{®. This is given by
U =aag/amy+ %00 ot + v 00 061+ 5 eillol)/ ok,
+e%plap/06,+ {7 el'e +igia ol e. (3.24)

Here 8 is given by (3.8), and on using (1.3) to eliminate the 6¢ /37, terms in (3.21)
and (3.24) we deduce that the other vector coefficients in (3.24) satisfy the following
equations:

d,j(-y(s)+ipa(3)) — '(5)+ip&‘3’ (3.25a)
d; (8 + g;0) = 8§+ g;aY (3.25b)
d,«j(s~5)+q a(~3)) =§V+g,a? (3.25¢)
dy({P ~igoa) = {1 —ig,d . (3.25d)

Combining (3.4) and (3.22), and using (2.11), we find that $>+ipa!® =
—1d,; d*(D,)/d«k>. Hence a particular solution to (3.25a) is

vi" +ipa’ = -3 d*(D,)/dx’.

At O(&*) we have, on eliminating a term in d¢/d7, by using (1.3),

. 8¢* 6 8 [ 3
0§ = [B“‘)(p——¢ + 70— <¢—£—)+3“’)l |2¢—¢—+CC]

9é; 8¢, 8¢, 3¢
1 d2 ~(2) 6¢ a¢ ) o -

~ O
2 kT oz ag T E o+ 7g]

where
71 = (VAo = Bo)yB;" + &
6‘6)=2(VA0—BO)ij4’+h-
~(6)_1‘12[(A0)u (2)+(VAO)UkDrJDrk] +jitcc (3.26)
5(‘6)=1‘h[(-’40)ij 2+ (VAg)uDyD¥ ]+ cc
hi—h¥=1d7\¥/dx +{q.(Ao)ya}? + (VAo) uD,;D%]+ k; — cc}

and g, j; and k; are given in appendix 3. We have not given an expression for 4, itself;
it is sufficient here to note that it involves the x!{* and u{¥* but not the A!{*. From
(3.1) and (3.9) we already have d’4?/dx*=0and ¥ =0fori=1,...,n—m, so the
condition (2.16) applied to U requires that

FO'=0 i=1,...,n—m (3.27)
5% =0 i=1,...,n—-m (3.28)
£9=0 i=1,...,n—-m (3.29)
[ =9 i=1,...,n—m. (3.30)

On incorporating the expression (3 18) for B{*, we may rearrange (3.27) to give

(4) Z (F)u ( Z gjkéﬁf)) i=1,...,n—m.

k=n—m-+1
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Now g;, g, and h; are completely determined. On incorporating the expression (3.19)

for y{¥, we may rearrange (3.28) to give

A=Y (F)g‘(%h,-— 2 g,-k&‘k‘”) i=1,...,n=m. (3.31)
Jj=1 k=n—m+1
Now g, and £® are completely determined. For the A{*, i=1,..., n—m, to be real
as required, h; must be real in (3.31) and hence we require
hi—h¥=0 i=1,...,n—m (3.32)

where h; — h} is given by (3.26). Note that the term i d7{*/d« in (3.26) is already zero
fori=1,...,n—m, by virtue of (3.10). For a purely dispersive system it is expected
that ¢,, ¢., g; and g, are real, as in Kakutani and Michihiro (1983) and Parkes
(1987a, b). In this case (3.30) reduces to

(VAo (DyDY— DDy ) =0 (3.33)
and then (3.29) and (3.32) become, respectively,

Jitii=0 (3.34)

ki—k¥=0. (3.35)

We conclude that for a type-2 system (i.e. for m <n), the MNs equation is the
governing equation for ¢ near marginal instability provided the conditions (3.1), (3.10)
and (3.33)-(3.35) are satisfied. All these conditions arise essentially from the condition
(2.16). In turn this condition is relevant only when m < n. It follows that, for a type-1
system (i.e. for m = n), the derivation of the MNs equation proceeds straightforwardly
without the introduction of extra constraints on A, B and C.

4. Concluding remarks

Inoue and Matsumoto (1974) investigated the slow modulations of a weakly non-linear
quasimonochromatic wave solution to the system (1.1) away from marginal instability.
For a type-1 system the modulations are governed by the Ns equation. Type-2 systems
divide into types 2A and 2B. For a type-2A system the condition (3.1) holds and the
Ns equation is obtained. For a type-2B system the condition (3.1) does not hold and
a single governing equation for the modulations cannot be obtained.

In this paper we have considered the behaviour of modulations near marginal
instability. For a type-1 system the modulations are governed by the MNs equation
and not the Ns equation. The same is true for a type-2A system provided the extra
conditions (3.10) and (3.33)-(3.35) hold. (The system describing ion acoustic wave
propagation in a plasma, and considered by Parkes (1987b), falls into this category.)
If any of these conditions or (3.1) do not hold, then a single governing equation for
the modulations cannot be obtained.
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Appendix 1

The notation used here is explained by example:
(VVAO)ijkI = 82a,-,-/aukau,

evaluated at U=U'", and [(VVA) UV U], = (VVA)uui u® (with summation
convention). Similarly

(Vv CO)ijk = azci/éuj oUy

evaluated at U=U'", and [(VVC) UV UP], = (VVCo)ttsuf® (with summation
convention). Using this notation the Taylor series for A(U) about U= U'” may be
written

5
A=Y 7?4, +0(&?)
i=0

where

Ag=A(U?)

A =(VA) UV

A= (VA)UP +H(VVA) UV U

A;=(VA)UP +(VVA) UV UP+L{VVVA) U U U

A= (VA)UP+(VVAN UV UP +UP UY)
+HVVVA) U UV UP +55(VVVVA ) UV U U U™

As=(VA) U +(VVA)UVUP+ UP U
+HHVVWAY(UPU U+ U UPUP)
+HVVVVANUPUPUDUP +Z55(VIVVVA) UV UY D gy,

B(U) and C(U) are expdnded in a similar way. Substitution of the Taylor series
expansion for C(U) into (2.3) gives (2.7), where

M,=-{VVC)U U

M;=—(VVC) UV U® —x(vwvC) U U Ut

M,=—(VWC)UP U +3u?UD) -4(VVVC)u U u®
—H(VVVvCyuururut?

Ms=~(VVCHU U+ UPUD) =4(VWVC)(U UV UD + UV UP U
—s(VVVVCQU U U UP ~gg(VVVVVC) UV U Uy u®

Me=-(YVC UV UP+UP U +iuPUv)
—(VVV Co)(% U(l) U(l) U(4)+ U(l) U(Z) U(3)+%U(2) U(2) U(ZJ)
_(VVVVCO)(éU(”U<”U(“U(3)+%U(”U(”U(z) U(Z))
—5%(VVVVvC) u' Ut U Uy
-m(VVVYVVC) U v v uurut,
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Appendix 2. Expressions for V, and dV,/dk

From (2.11) it follows that D, d(d;D,)/dx=0. On using (2.12) we obtain
D,D;; d(d;)/dk =0 and hence that

D; d(dy)/dx =0 (A2.1)
where we have used Jacobi’s formula

D,;D;; = DD, (A2.2)
and we have assumed that D, #0. A rearrangement of (A2.1) gives

Ve=(Bo)yDy/ v (A2.3)

where v = (A);D;.
By differentiating (A2.1) with respect to x and rearranging we obtain

i23=2(4)< (D)
K

Also, from (3.23), we have

d
i = (d) <= (D,)D,/(vD,)

Hence, in order to show that p=1 dV,/dk, we need to prove that

4
dk

d

E': (Dij)Drs' (A2-4)

d
e (dy)

N =

d
(dij) -d—K (Drj)Dis =

Incue and Matsumoto (1974, appendices D and E) proved (A2.4) using a complicated
procedure involving determinants D;,, that are related to the matrix obtained from
(d;) be deleting the ith and kth rows and jth and Ith columns. Here we present a
simpler and shorter proof.

Denoting the left-hand side of (A2.4) by H, and using the derivatives of (2.11) and
(2.12) with respect to k, we have

d d
H_ ljd (Drj) ( )*a(dU)E;(DIS)DrJ‘

Hence we may write

1d
H—2d ( ) (Derts)

The desired result (A2.4) follows on using (A2.2) and then (A2.1).

Appendix 3

The vector coefficients that are not given explicitly in § 3 are stated here. First we
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introduce some convenient notation, namely

ik = i(wVA— KVBO)ijk Vijk = Gijk — (VV Co)yk
Sijk = Gijk —%(VV Co)uk Lik = Qijk — (VV Co)uk
Uik = Gijk —%(VV CO)ijk Vijk = Gijk “B(VV Co)ijk

Wik = (— VoVA+ VBg) .
The corresponding higher-order tensors are defined in the obvious way, for example
Gijxi =1(@VV A~k VYV By) Tt = Gt ~ (VVYV Co) i
Now we have
q® = syD,D¥%+cc BP = 5,D,;D,
¥ = rp[Dyjai? +2D% J(‘Z)—D#ﬂg(Z)]_F%rijkl[zDerfk_Dﬁ;Drk]Drl
5% = t,,[ DB +2Du B>+ 314D, DDy
a®=—[(Ap)yai” +(VA)) 3 D¥Du] — gD * + ryy Do D%
¥ = s [ Dy + Dy * 1+ ugl P a + 287 8P* ]+ 5D, D
+ uy[ DD, BY* + D}.D}B 1+ 3uyymD,y D D% D%, + cC
fi=—igquDx A(D¥)/dxk +iryD,; d(D%)/dk — wyu D% D,y
P =5[22’ B + Dyy¥ + Dy +3D%,8 — DE6Y]
+ syu[ D;Dpa (i’ +2D% DB +(D,D% — D, .D¥) 8]
+8Sjkim[3D,D} ~ D} D, 1D, D,
8§ = (V,Ao— Bo) v\ + ryud DB +i[28 d(D%)/dk — B d(D¥)/dr ]}
wuk[D,ka(2)+D* (2)]+21r,jk,[2D,,D,k d(D})/dk
D,.D, d(D})/d«x]—-3wyuD}tD,D,
¥ =(V,Ay— Bo)yv® —iruD, o —id7¥/dx
I = rplyy el +38 B2 — 2607817 +28/7 v — B2y
+ D,y +2D% el — D¥el]
+3ru[Dy(af a(12)+2ﬂ()<2)352)*)+4Drk(Bj('2)B(2)*_3(2)3}2)*)
+4D}%a B ~2D}aiP B’ + 2D, Diy¥ +2(D,D¥% — DED, ) v
+ D, (2D,y* - D.y**)+ D% (3 D% 5‘-”—2D’,‘}5$3))]
+8§rum[3(2D;D% - DD, ) Dya'y + 6 D% D% D, 84
-3(2D}D, — D,;D¥%)D}%pY+(3D,8'2* ~2D,,B*)D,D,]
+ Z—Lr,-jk,m [6D,D} —-4D}¥D,1D,D,,D¥,
g =ip[(A0)ya;” +(VAg) D} D)+ 3g5uDoi d*( D)/
—3ruD,; 3 (D})/dx’ —iwy D, d(D%)/dx
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Ji= s DAL ~1g20) + D,i(¢0 ~igaai®)* + o yid + vy
+2uyk[£(4)ﬂ(2)* ,B-2’5(4’*]+3v,jk6}3’8§3’*
+sukl[DUDrk714)+(Drk7(3)+Drjysc”*)agz)
+ D538 B1V* ~26{78*) + DB 81*]
+uuk,[D 2 Die(® + DD, ei¥* —2a B 2%

(ﬂ(Z) 3)*+2B(2) (3)*)

+Dri7k3)352)*+%a('2)ak a§2>]
+3tikim[ DuD% D >rkm'y_/3)+(3D D} —2D}%D,) Dy *]
+ Ui [2Dy D% BV B2 * + DD (B BE* — B B)
+ DD}’ o) +(DDSBY + DD *) ]
+§Uuk1m[kaD;‘7DTm5(’3)+Dr‘DrkDr15(n§)*]
+ §Uyrimn[3D; Dy D% D}, a2 +2D% D% DY, D, B
+(3D,D} ~ D}Dy) DuD,BY*]
+ l%vijklmnpDerrkDrlD D} D ’rkp

ki = sy [ Dy (e +1dyP/dx + gaaP)* - DX (e +i dyi¥/dK + g4a?)

;0 (2) H *
+laj O'k] +1S,-jk,D,jD,k0'1.
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